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^ I Abstract 

> : 

We calculate the long-range Vanderwaals force and the photoelectric cross section in a 

noncommutative set up. While we argue that non-commutativity effects could not be 

discerned for the Vanderwaals interactions, the result for the photoelectric effect shows 

deviation from the usual commutative one, which in principle can be used to put bounds 
O ' , 

-»«. ■ on the space-space non-commutativity parameter. 
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^ ■ 1 Introduction 



A large amount of research work has been devoted to the study of physics on noncom- 
mutative space-times (for a review see, e.g., [1]). This was motivated by the discovery in 
string theory that the low energy effective theory of D-brane in the background of NS-NS 
B field lives on noncommutative space [2]- [5]. 

In the noncommutative space, the coordinate and momentum operators verify 

[xi,Xj] = idij, \pi,Pj) = 0, [xi,Pj] = ihSij, (1) 

where x« and pi are the coordinate and momentum operators, and where we assume the 
time coordinate is commutative. The parameter {%} is an antisymmetric matrix rep- 
resenting the non-commutativity of the space, and is of dimension (length) 2 . In many 
proposals to test the hypothetical spacetime noncommutativity, one does not need the 
exact quantum field theory, but only its quantum mechanical approximation, and many 
simple quantum mechanics (QM) problems were treated on noncommutative spaces. For 
instance, the Hydrogen atom spectrum and the Lamb shift in noncommutative quantum 
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electrodynamics (QED) were first treated in [B] (look also at [HE])- The noncommuta- 
tive version of QED has been examined in [9]. A method for formulating the non-abelian 
noncommutative field theories has been discussed in [10] and using these ideas noncommu- 
tative version of the standard model (SM) has been proposed (TTJ. In this noncommutative 
version, there are several new features and interactions, like triple gauge boson vertices, 
that appear and some of the related phenomenological aspects of these have been inves- 
tigated [12] . Also, the questions of t — > bW scattering in noncommutative SM and the 
PCT theorem in noncommutative fields theory were treated in [13]. Fractional quantum 
Hall effect could be obtained using noncommutative rank 1 Chern-Simons theory [14] , and 
noncommutative massive Thirring model was treated in [TH] . The QM problems could 
be treated equally in noncommutative phase space [HI [17], where momenta are also non- 
commutative enabling, thus, to incorporate an additional background magnetic field and 
to maintain Bose-Einstein statistics [T8l [T9] . 

However, although noncommutative QM has been extensively studied, there are still 
some problems which were not treated in the noncommutative set up. To our knowledge, 
the phenomenological implications of noncommutativity on the Vanderwaals interaction 
between molecules and on the photoelectric effect were not examined, and the subject of 
this letter is just to present such an analysis. 

For the Vanderwaals forces, we find that the noncommutative effects can not be de- 
termined since they are far smaller than the next term to the dominant perturbative one 
proprtional to 1/R G where R is the interatomic distance. As for the photoelectric effect, 
we find that the non-commutativity introduces a phase into the corresponding transition 
matrix element proportional to the parameter 9 of space-space non-commutativity. Thus, 
the photoelectric cross section gets multiplied by a factor proportional to 8 2 , which can 
be used to put bounds on this parameter. 



2 Analysis 

To start, we note that the action for field theories on noncommutative spaces is obtained 
from the usual commutative action by replacing each usual product of fields (/ • g) by the 
star-product: 

(/ * 9)(x) = expire ^ v d x ^d yv )f(x)g{y)\ x=y , (2) 

where / and g are two arbitrary infinitely differentiable functions on R 3+l . 

Alternatively, one can change the noncommutative problems into problems of familiar 
commutative spaces using the new noncommutative variables (x and p) defined in terms 
of the commutative ones (x and p) by: 

Xi Xi 2^ ^ijPj 

Pi = Pi (3) 

and the Hamiltonian corresponding to the noncommutative problem is obtained by re- 
placing (x and p) in the commutative Hamiltonian by (x and p). In three dimensions, we 



can define the vector by 8y = ^€ijkO k , so that the noncommutative coordinate becomes 



x = x \rp x (4) 

Ah 

2.1 Vanderwaals forces 

We discuss here the known problem of the long-range interaction between two Hydrogen 
atoms in their ground states. We assume the nuclei of the two atoms are fixed in space 
a distance R apart and we choose the z axis parallel to the line between them. Let r± 
be the vector displacement of the electron 1 from the nucleus A and r 2 be the vector 
displacement of the electron 2 from the nucleus B, then the 'ordinary' hamiltonian for 
the two electrons can be written 

H c = H° + H' c (5) 

H ° = __!*!_ ( V ? + V!)---- (6) 

2m V 1 V n r 2 K J 

p2 2 2 2 

H' c = C - + ^-^-^- (7) 
R r X2 Tib r 2A 

Expanding H' c in powers of r/R, where r ~ t\ ~ r 2 of order of a® the Bohr radius, we 
find [2D] 

H' c = H 3+v(j^) (8) 

e 2 

H' 3 C = (xtx 2 + ym - 2ziz 2 ) (9) 

The last term ifg c represents the interaction energy of two electric dipoles that correspond 
to the instantaneous configurations of the two atoms, while the higher order terms de- 
note the quadrupole-dipole, quadrupole-quadrupole and higher order interactions. The 
unperturbed hamiltonian H° has the solution 

u(r u r 2 ) = u 100 (ri) u m (r 2 ) (10) 

for two interacting hydrogen atoms in their ground state. 

In the noncommutative space, and where we assume R as a fixed parameter, we then 
have 

H = H°(f,p) + H' c (f,p) (11) 

= H°(r,p)+H'(r,p) (12) 

H'(r,p) = H' C + H' NC (13) 
h ,nc = H >nc + h ,nc (14) 

where H[ NC (H!/ 40 ) comes from the non-commutativity effects on H° (H' c ) 



h[ nc = H l + o( e l\ (15) 



BT = h» + (%,^-\ ( W ) 



with 




hi = 



e 2 

~4hR3 ^ ^ yiP2z + V2Plz + 2ziP2y + 2z2 P^ 

+9 Z {Xip 2 y + X 2 Ply ~ V\V2x ~ JtoPl*)] 



(17) 



(18) 



Here we assumed, without loss of generality, that the vector 6 has components along the 
z and x axes only. 

It is clear that the expectation value of the leading terms (H'^, Hf, for the state 
u(ri,r 2 ) is zero. This is because Uq is an even function of ri and r 2 while H^H® are 
odd functions of T\ and r 2 separately, and Hf applied to uo would give zero. One can 
check, neglecting the terms proportional to 9 2 , that all the neglected higher order in the 
perturbation H' have zero expectation value for uq. Thus the leading term in the inter- 
action energy is the second-order perturbation of the dipole-dipole which is proportional 
to (H3) 2 and hence varies like 1/R 6 . This is the well known nature of the Vanderwaals 
force. 

The non-commutativity would cause a shift in the interaction energy estimated by: 
v l< 0\H' NC \n > | 2 ^ < 0\H' c \n >< n\H' NC \0 > 

Z. t TP TP ' ' TP TP ^ ' 

We see here that the perturbation Hf does not contribute to the matrix element < 
0\H \n >, since L\0 >= 0, and thus does not lead to any energy shift in the Van- 
derwaals interaction. We would like to mention here that in the case of excited states, 
the perturbation H® can be perceived only for very 'dilute' gas. The reason of this is 
as follows. Since Hf ~ ^, then keeping Hf while dropping the next term to H'£ in the 
expansion of H' c which is proportional to implies < ^. Equally dropping the next 
term to Hf in the expansion of H[ NC proportional to ^ while keeping H£ ~ -^3 implies 
e_ ' ^ 

_9 - 



(j^j 2 . Thus we should have 



r \ 4 9 ( r , - 

<-,< o (20) 



RJ r 2 \R 

The bound 9 < 10~ 8 GeV -2 [6] (look at [21] for tighter bounds) with the ordinary value 
of r ~ a ~ 10 _10 m, would give a bound \ < 10 -20 . Hence, if noncommutative effects 
for the term Hf would be tangible in the Vanderwaals interaction between two 'excited' 
atoms, the gas of molecules should be 'dilute' enough satisfying — < 1CT 5 . 

As to the term H%, we should determine to which order O ( I ^r-) we should expand 
H' c so that not to drop H 2 . For the value ^ ~ 10~ 5 and the bound 9 < 1CT 8 GeV -2 , 
we see that we should expand H' c till the order n = 7, while for normal gases ~ 10 _1 , 
we see that we can not feel H® unless we expand H' c till n = 23. We conclude that 
non-commutativity effects can not be determined for the Vanderwaals interactions. 
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2.2 The photoelectric effect 

We now consider the photoelectric effect-that is, the ejection of an electron when an atom 
is placed in the radiation field. The basic process is considered to be the transition from 
an atomic (bound) state to a continuum state (E > 0). For the final state |/° >, we must 
use a positive energy eigenstate of the Coulomb Hamiltonian 

H° = - — 

2m r 

However, if the ejected electron is not too slow, then one can ignore the pull of the proton 
on it and, with negligible error, approximate the continuum state with a plane wave state 
\Pf > with momentum p^. 

\f>=\p f> +... 

an approximation which, moreover, assumes that [p* > is dominating the higher order 
terms in |/° > when evaluating matrix elements [22]. 

We consider now the Hydrogen atom in its ground state wioo on which is incident the 
electromagnetic wave 

A(r,t) = A e< k - r - wt ) (21) 

We would like to calculate the rate for the process of liberating a bound electron using 
the Fermi's golden rule: 

Ri^f = rate of transition i -> / = ^| < f\H'\t° > \ 2 5 (E° f - - hw) (22) 

where, as we said, the final state |/° > is the plane wave \p* > while the initial state 
\i° > is the ground state 1 100 >. 

The 'ordinary' perturbation, in the Coulomb gauge V • A = 0, is [23] 

H' c (t) = e ik - r e- iwt A ■ p = H lc e~ iwt (23) 

Now, we introduce the non-commutativity so to obtain for the perturbation: 

H 1 = -^e ik < r -^P* )A o -p (24) 
2mc 

We can proceed now to evaluate the transition matrix element in the coordinate basis 

H}t = N j e- i Pf r ' n e i H r -mP* e )A Q -(-ihV)e- r / a °d i r (25) 
1 / 1 \ 1/2 

N = — i-^f-L) (26) 

where a^ is the Bohr radius for the ground state Hydrogen atom. 

Notice here, that we take the factor e tk r exactly into account, i.e. we do not assume 
the electric dipole approximation. Integrating by part and using A ■ k = 0, we get up to 
first order in 6: 

H i. _ at (Svr/ao) 2 

[l/a o y+(p f /h-k] 



1 

6 x k) ■ Pf 
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(27) 



Like the ordinary case, we see that the rate depends on the magnitude of the applied 
field A and on its angle with the outgoing momentum, and also on the frequency of 
the radiation. The electron likes to come parallel to Aq, but is also biased towards 
k. However, ejecting the electron parallel to k minimizes the denominator in equation 
(I27p . but nullifies the noncommutative effect. The noncommutative effect consists of 
introducing an imaginary part into the transition matrix element. If our detector counts 
how many electrons come in the cone of solid state dQ, then we can associate with the 
atom a photoelectric differential cross section 

da 87rc 



dD, \A \ 2 w 2 

with the final result: 

Arc 



%w ■ R^ dn (28) 





i + Y ^ [{ o,k). P / 



(29) 



This formula can be used to put bounds on the parameter 9. However, since the correc- 
tion is in 9 2 (quadratic), the deviation between the experimental data and the ordinary 
cross section (j^J will not lead to stronger bounds on 9 than the Lamb shift bound 
(9 < 10~ 8 GeV~ 2 ) where it enters linearly [6]. 



3 Conclusions 

We have studied the problems of the noncommutative Vandrwaals interactions and pho- 
toelectric effect. For the Vanderwaals force, the noncommutative effect can not be de- 
termined experimentally since the errors coming from neglecting higher orders in the 
'ordinary' perturbative expansion are far larger than the noncommutative corrections. 
For the photoelectric effect, the cross section is multiplied by a factor proportional to 
(1 + 9 2 ) allowing to put bounds on the noncommutative parameter 9. 
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